Abstract-This letter deals with channel estimation in mobileto-mobile communications, possibly including amplify and forward mobile relays, assuming a two-dimensional scattering environment. A second-order autoregressive [AR(2)] model with the Kalman filter is used to estimate the channel gain of the global multihop channel. The parameters of the AR(2) model can be tuned by using a classic correlation matching criterion. Alternatively, the use of a minimization of the asymptotic variance criterion permits a strong performance improvement, although the corresponding analytical study is still missing in the literature-which is the topic of this letter. The closed-form expressions for the optimal tuning of the AR(2) parameters and mean square error performance have been first established as a function of the second and fourth moments of the Doppler spectrum of the global channel. Because the analytical formulas of these moments were not given in the literature, we derive them by exploiting cumulant property of convolution of density functions, after decomposition of the global channel as a cascade of Jakes Doppler power spectral density channels. Consequently, the provided closed-form formula are helpful for the design of Kalman filters for a given state of the source, destination, and mobile relays [Doppler spread and signal to noise ratio].
mobile terminals which act as relays. Adequate channel estimation is required for the development, analysis, and optimization of M-M and mobile relay network communication systems. Kalman filters (KFs) [1] [2] [3] are commonly used to track time varying complex gains (CG) of such channels. The design of a KF requires a linear recursive state-space representation of the parameter to be observed. The most used approximation model, especially for channel estimation problems, is the auto regressive model with order p, AR(p), where the parameters are tuned by matching the autocorrelation of the true channel CG with that of the AR process. This is known as the correlation matching (CM) criterion [4] [5] [6] [7] [8] . The CM criterion is simple to implement and adequate for fast fading channels. However, for a slow fading scenario (normalized Doppler frequency less than 10 −2 ), which is valid for usual vehicular communications, using the CM criterion gives poor results compared to the minimum asymptotic variance (MAV) criterion, as seen in [9] [10] [11] for AR with order p = 1, and in [12] for Fix-to-Mobile channel.
The main contribution of this letter is to provide analytic expressions for the parameters of a KF based on second-order AR model (AR(2)) tuned under MAV criterion, together with the corresponding steady-state MSE performance, for M-M and mobile relays channels. These formulas are first derived with respect to the Doppler spectrum moments in Section II. The expressions of these moments are established in Section III by using cumulant property of convolution of density functions. Section IV validates the analysis by means of MSE simulations, the first and second order AR model-based KFs (combined with CM and MAV criterion) are selected as references.
II. SYSTEM MODEL AND FRAMEWORK

A. Observation Model
Let us consider a communication channel with possible relays between a source S and a destination D. The discrete-time observation equation y (k) at D is:
where α (k) is the channel complex gain between S and D and w (k) is the complex circular white observation noise with variance σ 2 w . The parameter to be estimated α is assumed to be a zero-mean circular complex narrow-band stationary process with variance σ 2 α , with a power spectrum density (PSD) Γ(f ) with a maximum Doppler frequency f max . The nth order moment μ (n) of Γ(f ) will play an important role in the estimation performance. It is defined by:
denotes their normalized version. The Doppler spread B d is defined as the square root of the normalized second order moment of Γ(f ) [13, Eq. (16) ]:
B. State Model and Kalman Filter
The true channel CG α is approximated by second order autoregressive model AR(2) denoted byα:
with a 1 = 2r cos(2πf AR(2) T ) and a 2 = −r 2 , where r ∈ [0, 1[ is the radius of the poles, and f AR (2) T is the normalized resonance frequency of the AR(2) process. u (k) is the white circular complex Gaussian state noise with variance σ
The second order autoregressive model can be reformulated as a state model. The state vector to be considered includes the channel CG at k and k − 1, 
The state evolution (4) and observation (1) are then:α
from which the KF equations can be established as in [12] with the two-dimension Kalman gain vector
C. Preliminary Results
In this section, the approach of [12] that was restricted to the Jakes' Doppler spectrum corresponding to the fix-to-mobile channel is extended to a more general band-limited Doppler spectrum Γ α (f ), possibly including relays. This has been done by rewriting the results as a function of the fourth moment μ (4) . Recall that the following assumptions are considered: slow fading (f max T 1, f AR(2) T 1), SNR greater than 1 (σ α ≥ σ w ), r close to one, speed range of the KF slow enough to filter the measurement noise but sufficiently fast to track the fading process ((2πf AR(2) T )
2 Under these assumptions, the following expression obtained in [14] ,
2 Note that all these assumptions match the context of channel estimation in slow fading scenario and are widely accepted in the literature.
shows that for a given f AR (2) , the KF can be tuned from σ u instead of r, as will be done. In this letter, f AR(2) is fixed to be equal to the Doppler spread B d (3):
In the following, we consider the steady state mode; i.e., after convergence of the KF to a time invariant filter. This filter receives the observation y as an input and gives the CG estimation α as an output. Its transfer function L(z) is [12] :
where the steady state Kalman gains are given by:
The MSE, defined by σ
• The static error variance σ 2 w is due to the additive noise w (k) filtered by the low pass filter L(z) [12] :
• The dynamic error variance σ 2 α is due to the variations of α (k) filtered by the high pass filter 1 − L(z):
From (12), it is deduced that the resultant expression is the 4th moment of the PSD divided by K 4 1 . Finally,
where K 1 in terms of σ u and σ w (see Eq. (10)). We can now obtain the minimization of σ 2 . First, differentiating (13) with respect to σ 2 u after substituting K 1 with its expression in (10) and equating to zero leads to:
and then to the expression for the minimum MSE:
From (14), (7) and (8) we conclude that, for a given observation noise level σ 2 w , the tuning of the AR(2)-KF only depends on the fourth moment μ (4) and the second normalized momentμ (2) 
2 . With this tuning, the minimum MSE (15) relies only on μ (4) . To obtain optimal tuning and performance of the KF, the objectives of the next section is to evaluate μ (2) and μ (4) . We will first recall the results for the fix-to-mobile channel (Jakes Doppler model), which is used as a reference, also denoted by partial link in the following sections, and we then establish new values of μ (2) and μ (4) for more complex channels including mobile relays.
III. COMMUNICATION CHANNELS AND MOMENTS CALCULATION
A. Fix-to-Mobile Communication Channel (Partial Link)
Under scattering conditions, the Jakes' Doppler spectrum of the circular complex Gaussian CG, for fix-to-mobile communication (F-M), also called single Rayleigh link, is:
where f x is the Doppler frequency andΓ f x (f ) is the normalized Jakes' Doppler PSD (with integral equals to one). The autocor-
where J 0 is the zeroth-order Bessel function of the first kind.
Invoking the moment property, the moments μ (n) of the spectrum Γ(f ) of the CG defined in (2) can be obtained by:
where R(t) is the continuous-time autocorrelation function of the CG and R (n) (0) = d n dt n R(t)| t=0 . The second and fourth moments of the Jakes' Doppler spectrum in (16) are then calculated by differentiating (17) using (18), and the tuning frequency f AR(2) T is deduced from (8):
B. Mobile-to-Mobile Communication Channel
In [15] , Akki and Haber show that in isotropic scattering conditions around S and D, the M-M model is similar to two independent successive partial links. To be more precise, it is equivalent to a mobile-to-fix (M-F) and a fix-to-mobile (F-M) links with Doppler frequencies f 1 and f 2 due to the motions of S and D, respectively. Hence, α = α 1 α 2 , where α 1 and α 2 are independent zero-mean circular Gaussian complex variables with autocorrelation given in (17) . Thus, autocorrelation of α is the product of two Bessel functions [9] , [10] , [15] :
The PSD of α denoted by Γ M-M (f ) is then the convolution of two partial Jakes PSD (16) with Doppler frequencies f 1 and f 2 , respectively.
By differentiating the autocorrelation function in (22) using (18), the second and the fourth moment of the M-M communication are given in [16] :
According to (23) and (8), the normalized resonance frequency of the AR(2) process f AR(2) T should be tuned to:
C. Mobile Relays Channel
For N amplify and forward mobile relays between the mobile source and the mobile destination, and still assuming isotropic scattering conditions at each stage (allowing decomposition of each M-M link into two partial M-F and F-M links, as in the previous section), the global link S-D is equivalent to S-F, F-R 1 , R 1 -F,..., F-R i , R i -F,...., F-D, where R i denotes the mobile relay, and i ∈ [1, N] . The global CG α is the product of the zero-mean channel gains of the independent successive partial links. Then, the autocorrelation function of the resulting CG generalizes (22) with relays [10] as:
where f S , f i , f D are the Doppler frequency of the source, ith relay and destination, respectively. The Doppler PSD of the global CG is the Fourier transform of the autocorrelation function in (26), which is the convolution of all PSDs of the partial links between source and destination:
where ⊗ is the convolution operator. This equation is valid for |f | ≤ |f max | where
In the previous section, the moments μ (4) and μ (2) were calculated by differentiating the autocorrelation function and evaluating it at t = 0. This method is intractable in the presence of N relays. We suggest using another approach based on the following property:
3 if a density function is the convolution of elementary density functions, then the cumulant of this function is the sum of the cumulant of each elementary function. By applying this property to the Doppler PSD of the CG in (27), we can conclude that the nth cumulant K (n) of the CG α is the sum of the cumulants of the CG of each partial link between the source and the destination:
are the nth normalized cumulants for the PSDs of all the partial links between S and D. Having
, and K (2) = μ (2) , due to the fact that the CG is centered (μ (1) = 0 ), the second moment of relays channel is obtained from (28) for n = 2:
And the fourth moment of relays channel, denoted by μ relays (4) , is obtained by replacing the expressions of the cumulants in both sides of the equation in (28):
The moments in Eq. (30) are given by (19) and (20). Note that M-M result (24) can be retrieved from the more general formula (30) by removing the N relays.
The Doppler spread B d is still deduced from (3) and (29), which permits us to fix f AR(2) T to: To conclude, the problem of estimating a radio mobile channel including possible mobile relays channels in an isotropic twodimensional scattering environment was addressed, assuming the use of a Kalman filter (KF) based on second order autoregressive model. First, the analytical relationships for the optimal tuning and performance of the AR(2) have been established. Moreover, we showed that they depend only on the second and fourth moments of the Doppler spectrum of the global channel. Second, using the moment and cumulant properties, these global moments have been expressed from the elementary moments of the partial Jakes' Doppler links that are known. Consequently, we provide performance and tuning formula in terms of the status of the source, the destination and the N mobile relays (Doppler spread and SNR). The results of our simulation show the proposed AR(2) MAV approach outperforms the approaches of the literature based on CM criterion or AR(1) models.
